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We analyse the non-quadratic in time Zeno effect which arises when a few-atom state initially
trapped between two high laser-induced barriers is briefly released to free evolution. We identify
the Zeno time, analyse the energy distributions of those atoms which have escaped and those that
remained inside the trap, and obtain a simple relation between the survival and non-escape proba-
bilities. The relevant time scales are such that the effect would be observable for the atomic species
used in current laser experiments.
PACS numbers: PACS numbers: 03.65.Xp, 37.10.Gh, 67.85.-d
The Zeno effect [1]-[4] is one of the much studied basic
phenomena predicted by the quantum theory. Its first ex-
perimental verification was reported in [5] where frequent
observations were demonstrated to cause deviations from
exponential decay law for sodium atoms trapped in an
optical ’washboard’ potential. Recent progress in laser
technology has led to the creation of various types of
atomic traps, among them a quasi-one-dimensional ’box’
potential, in which atoms are confined between two laser-
induced walls (endcaps) [6]. For high laser intensities, the
atomic wavefunctions are sharply localised inside the box
[7], with only small exponential tails penetrating into the
endcap laser beams. Long- and medium-time evolution
of few-atom states when one of the two endcap lasers is
weakened or removed was studied in Refs. [8, 9]. The
subject of this Letter is the short time limit of this evo-
lution. As was demonstrated in [5], ever more frequent
interruption of the decay followed by a measurement of
atomic population in the trap would affect the overall es-
cape rate, which, as the Zeno effect sets in, will be com-
pletely suppressed. One recalls that in a conventional
Zeno effect, the probability to survive in the initial state
|ψ0〉 decreases quadratically in time in the short time
limit,
S(t) = 1− t2/t2Z +O(t2), (1)
where the Zeno time tZ is determined by the energy
spread of the initial state, (~ = 1)
tZ ≡ [〈ψ0|Hˆ|ψ0〉2 − 〈ψ0|Hˆ2|ψ0〉]−1/2. (2)
It follows that for a system subjected to frequent checks
every τ seconds, the probability W (t) to remain in |ψ0〉,
is expected to exhibit an exponential decay
limτ→0W (t) ≈ exp(−γt), γ(τ) ≡ τ/τ2Z , (3)
which is stalled as τ → 0. This analysis does not, how-
ever, apply to atoms trapped in a hard wall box potential.
In Ref.[10] the authors used the Feynman path integral
approach to demonstrate that the current, at the bound-
ary of a sharply localised state subjected to free evolu-
tion, initially increases as ∼ √t. With the probability to
escape from the region of an initial localisation growing
as ∼ t3/2 both Eq.(1) and the definition of the Zeno time
(3) become meaningless. It is the purpose of this Letter
to investigate the anomalous (non-quadratic) Zeno effect
associated with this behaviour of the atomic current, as
well as to suggest conditions for its experimental obser-
vation.
We start by considering a single atom of mass M ini-
tially trapped between two nearly impenetrable laser-
induced barriers of negligible width, placed at x = 0 and
x = a. The laser at x = a is switched off and then re-
stored again after a short time t, and we wish to evaluate
the survival probability S(t) to find the atom in its initial
state in the trap. It is natural to attempt to describe the
system in terms of orthogonal left/right states spanning
the trap interior for 0 ≤ x ≤ a and the continuum at
x > a, respectively,
〈x|φLn〉 = (2/a)1/2 sin(
npix
a
)θ[0a] n = 1, 2, .. (4)
〈x|φRk 〉 = (2/pi)1/2 sin[k(x− a)]θ[a∞] k ≥ 0,
Expanding the atom’s state |ψ(t)〉 as
|ψ(t)〉 =
∑
n
bn(t)|φLn〉+
∫ ∞
0
dkck(t)|φRk 〉, (5)
one easily verifies that the Hamiltonian of the open trap,
Hˆ0 = (2/pi)
∫ ∞
0
dk|ψ0k〉
k2
2M
〈ψ0k|, (6)
where 〈x|ψ0k〉 = (2/pi)1/2 sin(kx), is diagonal in the left-
right representation (4). Thus, one has 〈φLn |Hˆ|φLm〉 =
Enδmn, 〈φRk |Hˆ|φRk′〉 = E(k)δ(k − k′), 〈φLn |Hˆ|φRk 〉 =
〈φRk |Hˆ|φLn〉 = 0, where En ≡ n2pi2/2Ma2 and E(k) ≡
k2/2M. The result is not particularly helpful, as it does
not account for the atom’s escape from an open trap and
renders the Zeno time in Eq.(2) infinite. Next we will
show that the time evolution of the coefficients bn and
ck is non-Hamiltonian, and their short time expansions
contain not just integer, but also half-integer powers of t.
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FIG. 1. (Color online) δψ(x, t) obtained with Eq.(9) prop-
agating from the border of the trap at x = a, for n = 1 and
t/t0 = 0.001(solid), with t0 ≡Ma2.
For this purpose it is convenient to invoke the first- and
last crossing time expansions [11]-[14] of the evolution
operator Uˆ0(t) ≡ exp(−iHˆ0t),
Uˆ0(t) = UˆL(t) + UˆR(t) + (7)
i
∫ t
0
dt1Uˆ0(t− t1){[Hˆ0, PˆR]UˆL(t1) + [Hˆ0, PˆL]UˆR(t1)}
and
Uˆ0(t) = UˆL(t) + UˆR(t)− (8)
i
∫ t
0
dt1{UˆL(t− t2)[Hˆ0, PˆR] + UˆR(t− t2)[Hˆ0, PˆL]}Uˆ0(t2)
where PL(R) ≡
∫ a(∞)
0(a)
|x〉〈x| are the projectors onto the
interior (exterior) of the trap. The evolution operators
Uˆj(t) = Pˆj exp(−iPˆjHˆPˆjt)Pˆj , j = L,R describe the mo-
tion inside and outside the closed trap with an impene-
trable narrow barrier at x = a, and t1 and t2 are the times
at which the atom crosses the border of the trap at x = a
for the first and last time, respectively. With the help of
Eq.(7), we see that an initial trap state |φLn〉 evolves into
|ψ(t)〉 = exp(−iEnt)|φLn〉+ |δψ(t)〉, with |δψ(t)〉 given by
the superposition of the waves emitted from the trap’s
border at x = a for all 0 ≤ t1 ≤ t, as shown in Fig. 1.
Explicitly one has
〈x|δψ(t)〉 = (2m)−1i
∫ t
0
dt1〈x|Uˆ0(t− t1)|a〉 × (9)
exp(−iEnt1)φL′n (a),
where φL
′
n (a) ≡ ∂x〈x|φLn〉|x=a and we have used the iden-
tity [14] 〈f |[Hˆ0, PˆR]|g〉 = (2M)−1[f ′(a)g(a)− f(a)g′(a)].
At short times, Ent << 1, i.e.,
t << 2t0/pi
2n2, t0 ≡Ma2 (10)
the matrix element 〈x|Uˆ0(t − t1)|a〉 can be replaced
by the free-particle propagator Gfree(x − a, t) =√
M/2piit exp[iM(x− a)2/2t], as it takes approximately
a time t0 for the wave emitted at x = a to reach the
laser beam at the origin [16]. Combining Eqs.(7) and (8)
we obtain the decomposition of the survival amplitude
An←n(t) ≡ 〈ψLn | exp(−iHˆt|ψLn 〉 in terms of the first time
the atom has left the trap, t1, and the last time it has
re-entered it, t2, [12], [15]
An←n(t) = −(2M)−2|φL′n (a)|2
∫ t
0
dt2 exp−iEn(t− t2)]×∫ t2
0
dt1Gfree(0, t2 − t1) exp(−iEnt1), (11)
which, in the short time limit (10), reduces to
An←n(t) = (12)
1− iEnt+ 2
1/2n2pi3/2
3M3/2a3
exp(−ipi/4)t3/2 +O(t2).
Unlike in the conventional Zeno effect (1), the survival
probability is not quadratic in time,
S(t) = 1− t3/2/t3/2Z +O(t2), tZ(n) ≡
32/3Ma2
22/3pin4/3
, (13)
which makes it more difficult to preserve an atom it its
initial state by frequent observations than in the case of
a conventional Zeno effect. Indeed, subjected to frequent
projection onto |φLn〉 every τ seconds, the system will ex-
hibit an exponential decay (3) whose rate
γ(τ) ≡ τ1/2/τ3/2Z , (14)
would always exceed that predicted by Eq.(3) as τ → 0.
For the probabilities of transition to other states inside
the trap Eq.(11) yields
Wm←n(t) ≈ pin
2
a
F (km, t), (15)
while the momentum distribution of the atoms which
have escaped from the trap we have
Wn(k, t) ≈ n2F (k, t) (16)
where
F (k, t) ≡ 2t
a3M3k2
× (17)
|1−
√
ipi
2
√
E(k)t
exp[−iE(k)t]Erf(
√
−iE(k)t)|2
and Erf(z) ≡ (2/√pi) ∫ z
0
exp(−t2)dt is the error function
[17]. The energy distributions Wm←n(t) and Wn(k, t) are
shown in Fig. 2.
The non-escape probability Pn(t) = 1−
∫∞
0
Wn(k)dk,
i.e. the probability that the atom will remain inside the
trap, although not necessarily in its initial state |φLn〉, is
more accessible to experimental observation than the sur-
vival probability S(t). (It is worth mentioning here that
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FIG. 2. (Color online) The momentum distribution of the
escaped atoms Wn(k, t) (solid) and the transmission proba-
bilities Wm←na (circles) for δψ(x, t) shown in Fig. 1.
introduction of an additional hard wall at x = b > a
cannot affect the evolution of the system as long as
t << Mb2. This allows us evaluate the number of
escaped atoms from a discreet sum using the identity∑∞
m=1 F (m∆km)∆km =
∫∞
0
F (k)dk, ∆km ≡ pi/b [18].)
Equations (16) and Eq.(17) show that the occupation of
the low-energy states, with Et << 1, increases as ∼ t3,
whereas for the high-energy states, Et >> 1 we have
Wn(E, t) ∼ t. This complicates somewhat the evaluation
of the short time behaviour of Pn directly from the inte-
gral
∫∞
0
Wn(k)dk [19]. It can, however, be found using
a variant of the optical theorem [20]. Indeed, equating
the norm 〈φLn(t) + δψ(t)|φLn(t) + δψ(t)〉 to unity yields
2Re〈φLn(t)|δψ(t)〉 + 〈δψ(t)|δψ(t)〉 = 0. Also, prior to
expanding enough to reach the laser beam at x = 0,
the state (9) shown in Fig.1 is symmetric around the
emission point, 〈a − x|δψ(t)〉 = 〈a + x|δψ(t)〉, so that
Pn(t) = 1 − 〈δψ|δψ(t)〉/2. Furthermore, for the survival
probability we have S(t) = |〈φLn(t)|φLn(t)+δψ(t)〉|2 ≈ 1+
2Re〈φLn(t)|δψ(t)〉, since the omitted term |〈φLn(t)|δψ(t)〉|2
is negligible. Combining the above, yields
Pn(t) ≈ [1 + Sn(t)]/2 = 1− t3/2/2t3/2Z +O(t2). (18)
Using the one-particle amplitude (12), one can eval-
uate short-time survival and non-escape probabilities
for states containing several weakly interacting identical
atoms [21, 22]. For N bosonic atoms occupying the same
ground state, one easily finds the probabilities to survive
in the state, S(N)(t), and that for all N atoms to remain
inside the trap, P (N)(t), given by Eqs.(13) and Eq.(18),
with tZ replaced by t
(N)
Z = tZ/N
2/3, respectively.
For fermionised bosons [23] occupying
the first N states of the trap, one has
S(N)(t) = |detNn,k=1[〈φn(0)|φk(t)〉]|2, while the
N -particle non-escape probability is P (N)(t) =
0.8
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FIG. 3. (Color online) The survival probability S(t) (solid)
and the non-escape probability P (t) (dashed) as functions of
time for a single atom initially in its ground state n = 1.
Also shown are S(t) as given by Eq.(13) (squares) and P (t)
in Eq.(18) (circles). The value of tz/t0 is 0.418.
|detNn,k=1[〈φn(t)|PˆL|φk(t)〉]|2, where the subscript n
(k) refers to the n (k) -th one-particle state. For t
such that Ent << 1, n = 1, 2, ...N , expanding the
determinants shows that S(N)(t) and P (N)(t) are given
by Eq.(13) and (18) with t
(N)
Z = [
∑N
n=1 t
−3/2
Z (n)]
−2/3,
respectively.
Although conveniently formulated for infinitely high
and narrow barriers, our analysis remains valid for real-
istic potentials of a finite height, which allow penetration
of a small tail of the initial wavefunction into sub-barrier
region. Figs. 3 and 4 show the results obtained by nu-
merically solving the time-dependent Schroedinger equa-
tion, for an atom initially in the ground state trapped
between an infinite wall at x = 0 and a potential step
V (x) = 0 for x < a and V0t0 = (50pi)
2 for x > a. Fig.
3 shows the dependence of the survival and non-escape
probabilities vs. t measured in the units of the time it
takes the emitted wave δψ to reach the laser at x = 0
(10), t/t0. Fig. 4 shows the same quantities for a sys-
tem of four fermionised atoms occupying the four lowest
levels in the trap. Since for Rb and Na atoms, and an
initial trap of a = 80µm, t0 takes the values of 8.59s and
2.32s, respectively, the non-quadratic behaviour and the
anomalous Zeno effect would be observable, in the case
of N = 4, shown in Fig. 4, at t (τ) of up to 0.15s and
0.041s respectively. both within capabilities of modern
laser techniques.
In summary, in the orthogonal left-right representa-
tion, the short time evolution of a sharply localised wave-
function contains non-integer powers of t. This prevents
one from defining the Zeno time in the usual way and
leads to a non-quadratic Zeno effect and to an unusual
behaviour of the energy distributions of the escaped and
excited atoms. As a result, the population of an open
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FIG. 4. (Color online) Same as Fig.3 but for four fermionised
atoms occupying the four lowest states in the trap. The value
of t
(N=4)
Z /t0 is 0.0427.
trap subjected to frequent checks would decay faster than
for a system exhibiting a conventional Zeno effect. This
behaviour persists for the states which rapidly decay the
confining potential barrier, and the relevant time scales
are such that the effect should be observable for most of
the atomic species used in current laser experiments.
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